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TOPOLOGICAL OBSTRUCTIONS TO NONNEGATIVE
SCALAR CURVATURE AND MEAN CONVEX
BOUNDARY
EZEQUIEL BARBOSA AND FRANCIELE CONRADO2
Abstract. We study topological obstructions to the existence of
a Riemannian metric on manifolds with boundary such that the
scalar curvature is non-negative and the boundary is mean convex.
We construct many compact manifolds with boundary which ad-
mit no Riemannian metric with non-negative scalar curvature and
mean convex boundary. For example, we show that the manifold
(Tn−2 × Σ)#N , where Σ is a compact, connected and orientable
surface which is not a disk or a cylinder and N is a closed n-
dimensional manifold, does not admit a metric of non-negative
scalar curvature and mean convex boundary, and the manifold
(I×Tn−1)#N , where I = [a, b], does not admit a metric of positive
scalar curvature and mean convex boundary.
1. Introduction
A central problem in modern differential geometry concerns the con-
nection between curvature and topology of a manifold. Especially, if
the problem is when a given manifold admits a Riemannian metric with
positive or non-negative scalar curvature. We will not go over the case
of closed manifolds, instead, our focus here will be on compact mani-
folds with non-empty boundary. For the case of closed manifolds, see
the important works due to Schoen-Yau [16], [17], and Gromov-Lawson
[4], [5], [6].
Consider, for instance, the case of surfaces. Let (M2, g) be an
orientable compact two-dimensional Riemannian manifold with non-
empty boundary ∂M . The Gauss-Bonnet Theorem states that∫
M
Kda+
∫
∂M
kgds = 2piχ(M) ,
where K denotes the Gaussian curvature, kg is the geodesic curvature
of the boundary, χ(M) is the Euler characteristic, da is the element
of area and ds is the element of length. Note that the invariant χ(M)
The authors were partially supported by CNPq/Brazil and Capes/Brazil
agencies.
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gives a topological obstruction to the existence of certain types of Rie-
mannian metrics on the surface M2. For instance, a compact surface
M2 with negative (non-positive) Euler characteristic does not admit
a Riemannian metric with non-negative (positive) Gaussian curvature
and non-negative geodesic curvature.
In higher dimensions, the relationship between curvature and topol-
ogy is much more complicated. A classical theorem due to Gromov
[3], for example, states that every compact manifold with non-empty
boundary admits a Riemannian metric of positive sectional curvature.
However, there are topological obstructions if one further imposes
geometric restrictions on the boundary. For instance, a result of Gro-
moll [2] states that a compact Riemannian manifold of positive sec-
tional curvature with non-empty convex boundary is diffeomorphic
to the standard disc. Observe, however, that these hypothesis are
rather strong because they involve the sectional curvature and not the
scalar curvature. Recall that, by the Bonnet-Mayers Theorem, a 3-
dimensional manifold with positive Ricci curvature and convex bound-
ary (positive definite second fundamental form) is diffeomorphic to a
3-ball.
The problem of determining topological obstructions for the exis-
tence of a metric with nonnegative scalar curvature and mean convex
boundary is more subtle. For instance, one such obstruction appears
when there exists a compact, orientable and essential surface properly
embedded in M which is not a disk or a cylinder. This is the case, for
example, if we consider the manifold M = S1×Σ, where Σ is a compact
and orientable surface which is not a disk or a cylinder. Indeed, the
surface {1} × Σ is essential in M , so this manifold carries no metric
with non-negative scalar curvature and mean convex boundary. If M
contains an essential cylinder, then there may exists such a metric on
M . This is the case, for example, of the manifold M = I×T 2, where T 2
denote the torus S1 × S1. Such manifold contains an essential cylinder
and have a flat Riemannian metric with totally geodesic boundary.
From now on, we use the notation (M,∂M) to represent a compact
and orientable manifold with non-empty boundary ∂M . Moreover, Rg
and Hg denote the scalar curvature of (M, g) and the mean curvature
of the boundary ∂M with respect to the outward unit normal vector
field on the boundary, respectively.
In this paper, our first result gives a topological obstruction for those
3-dimensional compact manifolds which possess a certain type of sur-
faces as connected components of their boundaries.
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Theorem 1.1. Let (M,∂M) be a compact 3-dimensional manifold.
Assume that the connected components of ∂M are spheres or incom-
pressible tori, but at least one of the components is a torus. Then there
is no Riemannian metric on M with positive scalar curvature and mean
convex boundary. In particular, if there exists a Riemannian metric g
on M with non-negative scalar curvature and mean convex boundary
then (M, g) is flat with totally geodesic boundary.
As a consequence of the theorem above, we obtain that the 3-dimensional
manifolds (S1 × T˚ 2)#N and (S1 × T˚ 2)#(I × S2) have no metric with
non-negative scalar curvature and mean convex boundary, where T˚ 2 is
a torus minus an open disk, I = [a, b] and N is a closed, connected
and orientable 3-dimensional manifold. Moreover, the 3-dimensional
manifolds (I×T 2)#(I×T 2), (S1× T˚ 2)#(S1× T˚ 2), (I×T 2)#(S1× T˚ 2),
(I × T 2)#(I × S2), (S1 × T˚ 2)#(I × S2) have no metric with positive
scalar curvature and mean convex boundary. Also, let N be a closed
3-dimensional manifold. Then the manifold (I×T 2)#N has no metric
with positive scalar curvature and mean convex boundary. If it has a
metric with non-negative scalar curvature and mean convex boundary,
it is flat with totally geodesic boundary. Thus, from this last claim,
we can glue two copies of (I × T 2)#N along the boundary and build
a flat closed 3-dimensional manifold which is a connected sum of a
3-dimensional torus and a closed 3-dimensional manifold.
With that discussion above, we obtain the following classification
result.
Corollary 1.1. Let (M,∂M) be a smooth 3-dimensional manifold such
that ∂M is the disjoint union of exactly one torus and k spheres, k ≥ 0.
If M has a metric with non-negative scalar curvature and mean convex
boundary then
M = N#(S1 × D2)#kB3,
where N is a closed 3-dimensional manifold.
At this point, one should mention two important facts. First, Gromov-
Lawson (see Theorem 5.7 in [5]), pointed out that if a compact man-
ifold with boundary possesses metrics with positive scalar curvature
and strictly mean convex boundary then its double can be endowed
with a metric of positive scalar curvature. Therefore, the problem of
characterising the compact manifolds with boundary supporting a met-
ric with positive scalar curvature and strictly mean convex boundary
reduces to the problem on theirs doubles manifolds. This was made in
a very recent work due to A. Carlotto and C. Li [1]. Second, despite
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our results are not a complete characterization, they were obtained in a
different way and gave us inspiration to deal with the high dimensional
case.
We see that the topological condition (the existence of an incom-
pressible torus in the boundary) that we consider here is specifically
for dimension 3. For high dimension 3 ≤ n ≤ 7, the situation is quite
different, the problem is much more delicate and much more involved.
However, extending to compact manifolds with boundary some of the
ideas developed by Schoen-Yau [17], such as defining a class of mani-
folds via homology groups and using a descendent argument to recover
the 3-dimensional case, we were able to obtain a type of classification
result for high dimension.
Theorem 1.2. Let (M,∂M) be a (n+ 2)-dimensional manifold, , 3 ≤
n + 2 ≤ 7, such that there is a non-zero degree map F : M → Σ× T n
such that F (∂M) = ∂Σ × T n , where (Σ, ∂Σ) is a connected surface
which is not a disk. Then there exists no metric on M with positive
scalar curvature and mean convex boundary. However, if Σ is not a
disk or a cylinder, then there exists no metric on M with non-negative
scalar curvature and mean convex boundary.
As a consequence of the result above, we conclude that if N is a
closed n-dimensional manifold, then (T n−2 × T˚ 2)#N does not admit
a metric of non-negative scalar curvature and mean convex boundary
and (I×T n−1)#N does not admit a metric of positive scalar curvature
and mean convex boundary.
This article is organised as follows. In Section 2, we present some
auxiliaries results to be used in the proof of the main results. In Section
3, we present the discussion on the 3-dimensional case and the proof
of the Theorem 1.1. In section 4, we discuss the problem for the high
dimensional case and present the proof of the Theorem 1.2.
Acknowledgments. The first author was partially supported by CNPq-
Brazil (Grant 312598/2018-1). The second author was partially sup-
ported by CAPES-Brazil (Grant 88882.184181/2018-01) and CNPq-
Brazil (Grant 141904/2018-6).
2. Preliminaries and Technical Results
Let (M,∂M, g) be a Riemannian manifold of dimension n ≥ 3. As-
sume that Rg, Hg ≥ 0 and V olg(M) = 1, where Hg denote the mean
curvature of ∂M with respect to the outward unit normal vector. For
each Riemannian metric g˜ on M consider λ(g˜) ∈ R and Φg˜ ∈ C∞(M)
satisfying:
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
−∆g˜Φg˜ + cnRg˜Φg˜ = λ(g˜)Φg˜
∂Φg˜
∂νg˜
= −2cnHg˜Φg˜∫
M
Φg˜dvg˜ = 1
where νg˜ denote the outward unit normal vector of the boundary ∂M
in (M, g˜) and cn :=
(n−2)
4(n−1) . Note that, as we are considering, we can
assume that Φg˜ > 0.
Moreover, note that
λ(g˜) = −
∫
M
∆g˜Φg˜dvg˜ + cn
∫
M
Rg˜Φg˜dvg˜
= −
∫
∂M
∂Φg˜
∂νg˜
dσg˜ + cn
∫
M
Rg˜Φgdvg˜.
Therefore,
λ(g˜) = 2cn
∫
∂M
Φg˜Hg˜dσg˜ + cn
∫
M
Rg˜Φg˜dvg˜.
Lemma 2.1. Let (M,∂M, g) be a Riemannian n-dimensional mani-
fold, n ≥ 3,such that Rg, Hg ≥ 0 and V olg(M) = 1. If λ(g) = 0
then
Dλg(h) = −cn
∫
∂M
〈h,Bg〉dσg − cn
∫
M
〈h,Ricg〉dvg,
for every symmetric tensor h ∈ T (2,0)(M), where Bg and Ricg is the
second fundamental form of ∂M in (M, g) and the Ricci curvature of
(M, g), respectively.
Proof. Firstly, note that λ(g) = 0 implies that Rg ≡ 0, Hg ≡ 0 and
Φg ≡ 1. Let h ∈ T (2,0)(M) be a symmetric tensor. Consider g(t) for
each t ∈ (−, ) a smooth family of Riemannian metrics on M in a such
way that g(0) = g e g′(0) = h. Denote by
λ(t) := λ(g(t)), h(t) := g′(t), R(t) := Rg(t) and H(t) := Hg(t) .
As Rg ≡ 0, Hg ≡ 0 and Φg ≡ 1, we obtain that
Dλg(h) = λ
′(0) = 2cn
∫
∂M
H ′(0)dσg + cn
∫
M
R′(0)dvg.
We have that
R′(t) = −〈h(t), Ricg(t)〉+ divg(t)(divg(t)(h(t))− d(trg(t) h(t))).
Hence,
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Dλg(h) = 2cn
∫
∂M
H ′(0)dσg − cn
∫
M
〈h,Ricg〉dvg
+ cn
∫
M
divg(divg(h)− d(trg h))dvg
= 2cn
∫
∂M
H ′(0)dσg − cn
∫
M
〈h,Ricg〉dvg
+ cn
∫
∂M
〈(divg(h))# − (d(trg h))#, ν〉dσg
= cn
∫
∂M
(2H ′(0) +X)dσg − cn
∫
M
〈h,Ricg〉dvg,
where ν := νg and X := 〈(divg(h))# − (d(trg h))#, ν〉.
Einstein convention and notation:
(i) Without a summation symbol, lower and upper index indicate a
summation from 1 to n− 1.
(ii) ∇t denote the Riemannian connection of (M, g(t)), ∇ := ∇0.
(iii)Bt denote the second fundamental form of ∂M in (M, g(t)).
Consider (x1, · · · , xn) a local chart on M such that (x1, · · · , xn−1) is
a local chart on ∂M and ∂n = ν. We divide the proof in some steps.
Step 1: Computation of X in ∂M .
We have that
d(trg h) =
n∑
k=1
∂k
(
n∑
i,j=1
gijhij
)
dxk and divg(h) =
n∑
k=1
(divg(h))kdx
k .
It follows that
(d(trg h))
# =
n∑
i,j,k,l=1
glk∂k(g
ijhij)∂l,
and
(divg(h))
# =
n∑
k,l=1
glk(divg(h))k∂l =
n∑
i,j,k,l=1
glkgij(∇ih)jk∂l.
Thus,
(divg(h))
#−(d(trg h))# =
n∑
l=1
{
n∑
i,j,k,=1
(
glkgij(∇ih)jk − glk∂k(gijhij)
)}
∂l.
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In ∂M , we get that gnn = g
nn = 1 and gln = g
ln = 0, for every
l = 1, · · ·n− 1. Hence,
X =
n∑
i,j=1
(
gij(∇ih)jn − ν(gijhij)
)
= gij(∇ih)jn + ν(hnn)− ν(gijhij)− ν(hnn)
= gij(∇ih)jn − ν(gij)hij − gijν(hij)
= gij(∇ih)jn + gikgjlν(gkl)hij − gijν(hij)
= gij(∇ih)jn + 2gikgjl(Bg)kl(h)ij − gijν(hij)
= gij(∇ih)jn + 2〈h,Bg〉 − gijν(hij)
Step 2: Computation of H ′(0):
We have H(t) = gijt (Bt)ij. Hence,
H ′(t) =
d
dt
(gijt )(Bt)ij + g
ij
t
d
dt
(Bt)ij
= −gikt gjlt (ht)kl(Bt)ij + tr
(
d
dt
Bt
)
= −〈h(t), B(t)〉+ tr
(
d
dt
Bt
)
.
Lets focus our attention on tr
(
d
dt
∣∣∣∣
t=0
Bt
)
. We have that
(Bt)ij = −gt(νgt ,∇ti∂j).
⇒ d
dt
∣∣∣∣
t=0
(Bt)ij = −h(ν,∇i∂j)−
〈
d
dt
∣∣∣∣
t=0
(νgt),∇i∂j
〉
−
〈
ν,
d
dt
∣∣∣∣
t=0
(∇ti∂j)
〉
,
where g = 〈., .〉.
Claim 1. For every X, Y, Z ∈ X (M), we obtain that
2
〈
d
dt
∣∣∣∣
t=0
(∇tXY ), Z
〉
= (∇Xh)(Y, Z) + (∇Y h)(X,Z)− (∇Zh)(X, Y ).
It follows from the claim 1 that
d
dt
∣∣∣∣
t=0
(Bt)ij = −h(ν,∇i∂j)−
〈
d
dt
∣∣∣∣
t=0
(νgt),∇i∂j
〉
− 1
2
(∇ih)jn
−1
2
(∇jh)in + 1
2
(∇νh)ij.
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Claim 2. In ∂M ,
d
dt
∣∣∣∣
t=0
(νgt) = −gklhnk∂l −
1
2
hnnν.
Proof. In ∂M , we have (gt)nk = 0 and (gt)nn = 1, for all k = 1, · · ·n−1
and t ∈ (−, ). Thus,
0 =
d
dt
∣∣∣∣
t=0
(gt)nk = hnk +
〈
d
dt
∣∣∣∣
t=0
(νgt), ∂k
〉
,
and
0 =
d
dt
∣∣∣∣
t=0
(gt)nn = hnn + 2
〈
d
dt
∣∣∣∣
t=0
(νgt), ν
〉
.
Moreover, for all k = 1, · · ·n− 1, we have that〈
d
dt
∣∣∣∣
t=0
(νgt), ν
〉
= −1
2
hnn,
and 〈
d
dt
∣∣∣∣
t=0
(νgt), ∂k
〉
= −hnk.
Denote by
d
dt
∣∣∣∣
t=0
(νgt) =
n∑
l=1
al∂l.
Note that
an =
〈
d
dt
∣∣∣∣
t=0
(νgt), ν
〉
= −1
2
hnn.
Also,
−hnk =
〈
d
dt
∣∣∣∣
t=0
(νgt), ∂k
〉
=
n−1∑
i=1
aigki, ∀k = 1, · · · , n− 1.
It follows that
al = −glkhnk, ∀l = 1, · · · , n− 1.
Hence,
d
dt
∣∣∣∣
t=0
(νgt) =
n−1∑
l=1
al∂l + anν = −glkhnk∂l − 1
2
hnnν.

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It follows from the claim 2 that〈
d
dt
∣∣∣∣
t=0
(νgt),∇i∂j
〉
= −glkhnk〈∇i∂j, ∂l〉 − 1
2
hnn〈∇i∂j, ν〉
= −glkhnkΓmijgml +
1
2
hnn(Bg)ij
= −hnkΓkij +
1
2
hnn(Bg)ij
However,
−h(∇i∂j, ν) = −hnkΓkij − hnnΓnij = (Bg)ijhnn − hnkΓkij,
since
Γnij =
1
2
n∑
k=1
gnk{∂igjk + ∂jgik − ∂kgij} = −1
2
ν(gij) = −(Bg)ij.
It implies that〈
d
dt
∣∣∣∣
t=0
(νgt),∇i∂j
〉
= −h(∇i∂j, ν)− (Bg)ijhnn + 1
2
hnn(Bg)ij
= −h(∇i∂j, ν)− 1
2
hnn(Bg)ij.
Hence,
d
dt
∣∣∣∣
t=0
(Bt)ij = −1
2
(∇ih)jn − 1
2
(∇jh)in + 1
2
(∇νh)ij + 1
2
hnn(Bg)ij.
Consequently,
tr
(
d
dt
∣∣∣∣
t=0
(Bt)
)
= −gij(∇ih)jn + 1
2
gij(∇νh)ij + 1
2
hnnHg.
As Hg = 0, we obtain that
2H ′(0) = −2〈h,Bg〉+ 2tr
(
d
dt
∣∣∣∣
t=0
(Bt)
)
= −2〈h,Bg〉 − 2gij(∇ih)jn + gij(∇νh)ij
= −2〈h,Bg〉 − 2gij(∇ih)jn + gijν(hij)− 2gijh(∇iν, ∂j).
Claim 3. In ∂M ,
gijh(∇iν, ∂j) = 〈h,Bg〉.
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Proof. Denote by
∇iν =
n∑
k=1
Γkin∂k.
Note that, in ∂M , we have
Γnin = 0 e Γ
k
in = g
mk(Bg)im, ∀k = 1, · · · , n− 1.
This implies that
∇iν = gmk(Bg)im∂k
Then, in ∂M , we obtain that
gijh(∇iν, ∂j) = gijgmk(Bg)imhkj = 〈h,Bg〉.

It follows from the claim 3 that
2H ′(0) = −4〈h,Bg〉 − 2gij(∇ih)jn + gijν(hij).
Therefore,
(2.1) 2H ′(0) + X|∂M = −2〈h,Bg〉 − gij(∇ih)jn.
Claim 4. In ∂M , we have
gij(∇ih)jn = −〈h,Bg〉+ div∂Mg (ω),
for some ω ∈ Ω1(∂M).
Proof. It follows from the claim 3 that, in ∂M ,
gij(∇ih)jn = gij∂i(hjn)− gijh(∇i∂j, ν)− gijh(∇iν, ∂j)
= gij∂i(hjn)− gijh(∇i∂j, ν)− 〈h,Bg〉.
For 1 ≤ i, j ≤ n− 1, in ∂M , we can write
∇i∂j = (Bg)ijν +∇i∂j,
where ∇ is the Riemannian connection of (∂M, g).
Hence, since Hg ≡ 0, we obtain that
gijh(∇i∂j, ν) = hnnHg + gijh(∇i∂j, ν) = gijh(∇i∂j, ν).
This implies that, in ∂M ,
gij(∇ih)jn = gij∂i(hjn)− gijh(∇i∂j, ν)− 〈h,Bg〉.
Define ω ∈ Ω1(∂M) as
ω := h(., ν)|∂M .
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Note that
div∂Mg (ω) = g
ij(∇iω)j = gij∂i(ωj)− gijω(∇i∂j)
= gij∂i(hjn)− gijh(∇i∂j, ν).
Then, in ∂M ,
gij(∇ih)jn = −〈h,Bg〉+ div∂Mg (ω).

It follows from equality (2.1) and claim 4 that
2H ′(0) + X|∂M = −〈h,Bg〉 − div∂Mg (ω).
Hence,
Dλg(h) = −cn
∫
∂M
〈h,Bg〉dσg−cn
∫
M
〈h,Ricg〉dvg−cn
∫
∂M
div∂Mg (ω)dσg.
We conclude, since ∂M is a closed manifold, that
Dλg(h) = −cn
∫
∂M
〈h,Bg〉dσg − cn
∫
M
〈h,Ricg〉dvg.

Proposition 2.2. Let (M,∂M, g) be a Riemannian manifold of di-
mension n ≥ 3 such that Rg, Hg ≥ 0, V olg(M) = 1 and λ(g) = 0. The
metric g is a critical point of the functional λ if and only if (M, g) is
Ricci flat with totally geodesic boundary.
Remark 2.3. Let (M,∂M, g) be a Riemannian manifold of dimension
n ≥ 3. Define the following pair of operators acting in C∞(M):{
Lg = −∆gϕ+ cnRgϕ in M
Tg =
∂ϕ
∂ν
+ 2cnH
∂M
g ϕ on ∂M
where ν denotes the outward unit normal vector of the boundary ∂M
in (M, g) and cn :=
(n−2)
4(n−1) . Consider the first eigenvalue λ1(M, g) of Lg
with boundary condition Tg:
(2.2)
{
Lg(ϕ) = λ1(M, g)ϕ in M
Tg(ϕ) = 0 on ∂M
We have that,
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λ1(M, g) = inf
06≡ϕ∈H1(M)
∫
M
(|∇gϕ|2 + cnRgϕ2)dvg + 2cn
∫
∂M
H∂Mg ϕ
2dσg∫
M
ϕ2dvg
.
We can choose a positive function ϕ ∈ C∞(M) solution of (2.2). The
conformal metric h = ϕ
4
n−2 g is such that{
Rh = λ1(M, g)ϕ
− 4
n−2 in M
H∂Mh ≡ 0 on ∂M
In particular, this implies that if λ1(M, g) > 0 then Rh > 0 and
H∂Mh ≡ 0.
Proposition 2.4. Let (M,∂M, g) be a Riemannian manifold of dimen-
sion n ≥ 3 such that Rg ≥ 0 and Hg ≥ 0. Then M admits a metric
with positive scalar curvature and minimal boundary or (M, g) is Ricci
flat with totally geodesic boundary.
Proof. We can assume that V olg(M) = 1. Hence, we obtain λ(g) ≥
0. If λ(g) > 0, then there exists a metric on M with positive scalar
curvature and minimal boundary (See remark 2.3).
Then, assume that λ(g) = 0. If Dλg ≡ 0, we have that g is a critical
point of the functional λ. Consequently, Ricg ≡ 0 and Bg ≡ 0. If
Dλg 6≡ 0, there exists a symmetric tensor h0 ∈ T (2,0)(M) such that
Dλg(h0) > 0. Consider a family of metrics on M , g(t) = g + th0,
t ∈ (−, ). Since λ′(0) = Dλg(h0) > 0, we obtain that there exists
θ ∈ (0, ) such that the function t ∈ (−θ, θ) 7→ λ(t) ∈ R is an increase
function. Since λ(g) = 0, we get that λ(t) > 0 for all t ∈ (0, θ).
Therefore, for each t ∈ (0, θ) there is a metric g˜t on M such that
Rg˜t > 0 and H
∂M
g˜t ≡ 0 (See remark 2.3). 
Proposition 2.5. Let (M,∂M, g) be a Riemannian manifold of di-
mension n + 1 ≥ 3 such that Rg > 0 and H∂Mg ≥ 0. Then every
free-boundary stable minimal hypersurface in M has a metric with pos-
itive scalar curvature and minimal boundary.
Proof. Consider Σ a free-boundary stable minimal in M . It follows
from the second variation formula for the volume that∫
Σ
|∇ϕ|2dvg ≥
∫
Σ
ϕ2(Ricg(N,N) + |BΣg |2)dvg +
∫
∂Σ
ϕ2B∂Mg (N,N)dσg
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for every ϕ ∈ C∞(Σ), where N denotes a unit vector field on Σ in
(M, g). As Rg > 0, it follows from the Gauss equation that
Ricg(N,N) + |BΣg |2 =
1
2
(Rg −RΣg + |BΣg |2) > −
1
2
RΣg .
Hence, ∫
Σ
|∇ϕ|2dvg > −1
2
∫
Σ
ϕ2RΣg dvg +
∫
∂Σ
ϕ2B∂Mg (N,N)dσg ,
for every ϕ ∈ C∞(Σ). Since H∂Mg ≥ 0, and Σ is a free-boundary
hypersurface in (M, g), we obtain
B∂Mg (N,N) = H
∂M
g −H∂Σg ≥ −H∂Σg .
Thus, ∫
Σ
|∇ϕ|2dvg > −1
2
∫
Σ
ϕ2RΣg dvg −
∫
∂Σ
ϕ2H∂Σg dσg ,
for every ϕ ∈ C∞(Σ). Consequently,∫
Σ
|∇ϕ|2dvg+cn
∫
Σ
ϕ2RΣg dvg+2cn
∫
∂Σ
ϕ2H∂Σg dσg > (1−2cn)
∫
Σ
|∇ϕ|2dvg ,
for every 0 6≡ ϕ ∈ H1(Σ), where cn = n−24(n−1) . It follows that
λ = inf
0 6≡ϕ∈H1(Σ)
∫
Σ
|∇ϕ|2dvg + cn
∫
Σ
ϕ2RΣg dvg + 2cn
∫
∂Σ
ϕ2H∂Σg dσg∫
Σ
ϕ2dvg
> 0.
Therefore, there exists a metric on Σ with positive scalar curvature and
minimal boundary (See remark 2.3). 
3. 3-dimensional case
Let M be a smooth 3-dimensional manifold. A sphere which is ei-
ther properly embedded in M or contained in ∂M is said to be in-
compressible if it does not bound a ball in M . A connected surface
Σ which is either properly embedded in M or contained in ∂M and
which is not a sphere, is said to be incompressible if the homomor-
phism pi1(Σ) ↪→ pi1(M) is injective. A connected embedded surface
(Σ, ∂Σ) ⊂ (M,∂M) is said to be ∂-incompressible if the homomor-
phism pi1(Σ, ∂Σ) ↪→ pi1(M,∂M) is injective. A properly embedded
connected surface (Σ, ∂Σ) ⊂ (M,∂M) is said to be essential if it is
incompressible and ∂-incompressible.
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Theorem 3.1 (Chen, Fraser e Pang, [7]). Let (M,∂M, g) be a Rie-
mannian 3-dimensional manifold. If (Σ, ∂Σ) is a connected surface
which is not a disk and f : (Σ, ∂Σ) → (M,∂M) is a continuos map
such that
f∗ : pi1(Σ)→ pi1(M) e f∂∗ : pi1(Σ, ∂Σ)→ pi1(M,∂M),
are injectives, then there exists a free-boundary minimal immersion
F : (Σ, ∂Σ) → (M,∂M) and it minimizes area among the maps h :
(Σ, ∂Σ)→ (M,∂M) such that h∗ and h∂∗ are injectives.
Theorem 3.2 (Chen, Fraser e Pang, [7]). Let (M,∂M, g) be a Rie-
mannian 3-dimensional manifold such that Hg ≥ 0. If (Σ, ∂Σ) is a
connected surface and f : (Σ, ∂Σ)→ (M,∂M) is a free-boundary, min-
imal and stable immersion, then
(1) If Rg > 0, we obtain that Σ is a disk.
(2) If Rg ≥ 0, we obtain that either Σ is a disk or (Σ, g) is a flat
cylinder with totally geodesic boundary.
Define C˜3 as the set of all smooth 3-dimensional manifolds (M,∂M)
such that there is no continuous map f : (Σ, ∂Σ) → (M,∂M) with f∗
and f∂∗ are injectives, where (Σ, ∂Σ) is a connected surface with genus
l and k boundary components satisfying: l = 0 and k ≥ 3 or l ≥ 1 and
k ≥ 1.
Remark 3.3. As a consequence of the Theorems 3.2 e 3.1 we have
that if a 3-dimensional manifold (M,∂M) is such that M 6∈ C˜3, then
there is no metric on M with non-negative scalar curvature and mean
convex boundary.
Define C3 as the set of all smooth 3-manifolds (M,∂M) such that
there is no continuous map f : (Σ, ∂Σ) → (M,∂M) with f∗ and f∂∗
injectives, where (Σ, ∂Σ) is a connected surface with genus l and k
boundary components satisfying: l = 0 and k ≥ 2 or l ≥ 1 and k ≥ 1.
Example 3.4. Consider the solid torus M = S1 × D2. Note that,
pi1(M,∂M) = 0. It follows that, M ∈ C3.
Example 3.5. Consider the 3-dimensional manifold M = S1 × Σ,
where (Σ, ∂Σ) is a connected surface which is not a disk. Note that Σ
is essential in M . Therefore, M 6∈ C3.
Example 3.6. Consider the 3-dimensional manifold M = I×S2. Since
M is simply connected, we have that M ∈ C3.
Example 3.7. Consider the 3-dimensional manifold M = I×S, where
S is a closed surface with positive genus. Let Σ = I × γ, where γ is a
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closed curve which represents a non-trivial class in pi1(S) and bounds
a ”hole” in S. Note that Σ is an essential cylinder which is properly
embedded in M . Therefore, M 6∈ C3.
Lemma 3.8. Let (M,∂M, g) be a connected Riemannian 3-dimensional
manifold such that g is flat with totally geodesic boundary. Then, M
is covered by I × T 2. In particular, M 6∈ C3.
Proof. It follows from the theorem 5 in [14] that either M is diffeomor-
phic to a 3-dimensional handlebody or M is covered by I × T 2. Since
(M, g) is flat with totally geodesic boundary, we have that (∂M, g)
is a flat surface. Assume the M is a 3-dimensional handlebody. In
this case, we have that ∂M is connected. It follows from the Gauss-
Bonnet theorem that ∂M is a 2-dimensional torus. This implies that
M = S1 × D2 and ∂M is a stable minimal flat torus in (M, g). But,
this is a contradiction (see Theorem 8 in ([14]). Therefore, M is cov-
ered by I × T 2. Consider then p : I × T 2 → M a covering map and
C an essential cylinder which is properly embedded in I × T 2. Define
f = p ◦ i : (C, ∂C) → (M,∂M), where i : C → I × T 2 is the inclusion
map. Note that f∗ and f∂∗ are injective. Therefore, M 6∈ C3. 
Theorem 3.9. Let (M,∂M) be a smooth 3-dimensional manifold. As-
sume that the connected components of ∂M are spheres or incompress-
ible tori, but at least one of the components is a torus. Then M 6∈ C3.
However, if the number of the incompressible tori in ∂M is exactly one,
then M 6∈ C˜3.
Proof. First, M contains a properly embedded, connected and incom-
pressible surface (Σ, ∂Σ) such that 0 6= [∂Σ] ∈ H1(∂M) (see lemma 6.8
in [12]).
Claim 3.0.1. Σ is not a disk.
In fact, assume that Σ is a disk. As 0 6= [∂Σ] ∈ H1(∂M), we have
that ∂Σ represent a non-trivial class in pi1(∂M). Hence, ∂Σ are in a
connected component T of ∂M which is a torus (see the figure 1).
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Figure 1. [∂Σ] ∈ pi1(∂M) is not trivial
Note that the inclusion i : Σ → M represents a non-trivial class of
pi2(M,T ). As T is a incompressible torus in M , we have that pi1(T ) ↪→
pi1(M) is injective. Thus, we have the following exact sequence
· · · → pi2(T )→ pi2(M)→ pi2(M,T )→ 0.
This implies that the map pi2(M) ↪→ pi2(M,T ) is onto. Hence, there
exists f : Σ→M with f(∂Σ) = x0 ∈ T and 0 6= [f ] ∈ pi2(M) such that
[i] = [f ] in pi2(M,T ). Consequently, ∂Σ represents a non-trivial class
in pi1(T ). But this is a contradiction. Therefore, Σ is not a disk.
As Σ is an incompressible surface, which is not a disk, we have
that each connected component of ∂Σ represents a non-trivial class
in pi1(∂M). This implies that ∂Σ is contained in the union of the
connected components of ∂M whose are torus. Hence, either Σ is ∂-
incompressible or it is a cylinder ∂-compressible (See lemma 1.10 in
[11]).
Claim 3.0.2. Σ is not a ∂-compressible cylinder.
In fact, suppose that Σ is a ∂-compressible cylinder. In this case, we
have that connected components α1 and α2 of ∂Σ are contained in a
same torus of ∂M . Consequently, we have only two possible situation
for the circles α1 and α2, as we can see in the figures below.
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Note that in both situation we have that α1 and α2 are homologous
in ∂M . This implies that ∂Σ represent the trivial class in H1(∂M). But
this is a contradiction. Therefore, Σ is not a ∂-compressible cylinder.
Hence, Σ is an essential surface in M which is not a disk. Therefore,
M 6∈ C3. However, note that if the number of the incompressible tori in
∂M is exactly one, then the essential surface Σ can not be a cylinder.
This case, we have that M 6∈ C˜3. 
Remark 3.10. The incompressibility condition of at least one torus
of ∂M in the proposition above is necessary. Actually, just consider
the 3-dimensional manifold M = S1 × D2. Note that the connected
component of ∂M is a compressible torus and M ∈ C3.
Corollary 3.1. Let (M,∂M) be a smooth 3-dimensional manifold such
that ∂M is the disjoint union of exactly one torus and k spheres, k ≥ 0.
If M has a metric with non-negative scalar curvature and mean convex
boundary then
M = N#(S1 × D2)#kB3,
where N is a closed 3-dimensional manifold.
Proof. The prime factorization of M is
M = N1# · · ·#Ns#N ′#kB3,
where N1, · · · , Ns are closed and prime 3-dimensional manifolds and
N ′ is a prime 3-dimensional manifold such that ∂N ′ is a torus. If
M has a metric with non-negative scalar curvature and mean convex
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boundary, it follows from theorem 3.9 that ∂N ′ is a compressible torus
in N ′. Since N ′ is prime, we have that N ′ is irreducible. Consequently,
N ′ = S1 × D2. Therefore,
M = N#(S1 × D2)#kB3,
where N = N1# · · ·#Ns. 
Corollary 3.11. Let (M1, ∂M1), · · · , (Mk, ∂Mk) be 3-dimensional man-
ifolds as in proposition 3.9, and N1, · · · , Ns closed 3-dimensional man-
ifolds. For every integer l ≥ 0, we have that
1. M1# · · ·#Mk#lB3 6∈ C3,
2. M1# · · ·#Mk#N1# · · ·#Ns#lB3 6∈ C3.
Moreover, if the number of the incompressible tori in ∂M1 is exactly
one then
3. M1#
lB3 6∈ C˜3,
4. M1#N1# · · ·#Ns#lB3 6∈ C˜3.
Example 3.12. Define the 3-dimensional manifoldsM1 = (S1×T˚ 2)#N
and M2 = (S1× T˚ 2)#(I × S2), where T˚ 2 is a torus minus an open disk
and N is a closed 3-dimensional manifold. It follows from the corollary
3.11 that M1,M2 6∈ C˜3. This implies that M1 and M2 have no metric
with non-negative scalar curvature and mean convex boundary.
Proposition 3.13. Let (M,∂M, g) be a 3-dimensional Riemannian
manifold such that Rg ≥ 0 and Hg ≥ 0. Then either M ∈ C3 or (M, g)
is flat with totally geodesic boundary. In particular, if Rg > 0 and
Hg ≥ 0, then M ∈ C3.
Proof. Note that as Rg ≥ 0 and Hg ≥ 0, we have that M ∈ C˜3. As-
sume that M 6∈ C3 and g is not flat or B∂Mg 6≡ 0. Since M ∈ C˜3, we
have that there is a continuous map f : (C, ∂C)→ (M,∂M) such that
f∗ and f∂∗ are injectives, where C is a cylinder. As g is not flat or
B∂Mg 6≡ 0, it follows from the proposition 2.4 there exists a Riemannian
metric h on M such that Rh > 0 and H
∂M
h ≡ 0. It follows from the
Theorem 3.1 that there exists a stable free-boundary minimal immer-
sion F : (C, ∂C) → (M,∂M) with respect to the metric h. Hence,
from Theorem 3.2, we have a contradiction. This implies that M ∈ C3
or (M, g) is flat with totally geodesic boundary. It follows from the
lemma 3.8 that either M ∈ C3 or (M, g) is flat with totally geodesic
boundary. 
Example 3.14. Consider the 3-dimensional manifold I × S, where S
is a closed surface with positive genus. It follows from the proposition
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3.13 that there is no metric on I × S with positive scalar curvature
and mean convex boundary. In particular, there is no such metric on
I × T 2.
Example 3.15. It follows from the corollary 3.11 that the 3-dimensional
manifolds bellow are not in the set C3.
(1) (I × T 2)#(I × T 2)
(2) (S1 × T˚ 2)#(S1 × T˚ 2)
(3) (I × T 2)#(S1 × T˚ 2)
(4) (I × T 2)#(I × S2)
(5) (S1 × T˚ 2)#(I × S2)
(6) (I × T 2)#N , where N is a closed 3-dimensional manifold.
Therefore, it follows from the proposition 3.13 that these manifolds
have no metric with positive scalar curvature and mean convex bound-
ary.
4. n-dimensional case, 3 ≤ n ≤ 7
In this section, we want to study possible generalisation of some re-
sults on the existence of certain metrics on 3-dimensional manifolds to
manifolds with dimension not greater than seven. The following the-
orem is a very important result from geometric measure theory which
plays a fundamental role in our investigations.
Theorem 4.1 (See Chapter 8 in [15] and Theorem 5.4.15 in [9]). Let
(M,∂M, g) be a Riemannian n-dimensional manifold, 3 ≤ n ≤ 7. As-
sume that α ∈ Hn−1(M,∂M) is a non-trivial class. Then there exists
a free-boundary, minimal and stable hypersurface Σ properly embedded
in (M, g) which represents the class α.
For n ≥ 4, we define inductively the set C˜n as the set of all smooth
n-dimensional manifolds (M,∂M) such that every non-trivial class α ∈
Hn−1(M,∂M) can be represented by a hypersurface (Σ, ∂Σ) such that
Σ ∈ C˜n−1.
Theorem 4.2. Let (M,∂M) be a n-dimensional manifold such that
3 ≤ n ≤ 7 and M 6∈ C˜n. Then there is no metric on M with non-
negative scalar curvature and mean convex boundary.
Proof. We note that it follows from a theorem above the it is true for
n = 3. We proof by induction on n. Assume the result is valid for
n − 1. Assume there exists a metric g on M such that Rg ≥ 0 and
H∂Mg ≥ 0. It follows from proposition 2.4 that two cases can occurs.
(1) There exists a metric h on M such that Rh > 0 and H
∂M
h ≡ 0.
In this case, Since M 6∈ C˜n, from the theorem 4.1 we have there exists
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a compact, orientable, free-boundary, minimal and stable hypersurface
Σ properly embedded in (M,h) such that Σ 6∈ C˜n−1. From the propo-
sition 2.5 there exists a metric on Σ with positive scalar curvature and
minimal boundary. However, this is a contradiction since Σ 6∈ C˜n−1 and
from the induction hypothesis does not exists such metric.
(2) Assume Ricg ≡ 0 and B∂Mg ≡ 0. Arguing as in the item (1), we
obtain there exists a compact orientable free-boundary stable minimal
hypersurface Σ in (M, g) such that Σ 6∈ C˜n−1. Since Σ is free-boundary
in (M, g), we have
H∂Σg = H
∂M
g −B∂Mg (N,N) ≡ 0,
where N is a unit vector field of Σ em (M, g). Also, it follows from
the Gauss equation and of the stability of Σ that RΣg ≡ 0. However,
this is a contradiction, since Σ 6∈ C˜n−1, from the induction hypothesis,
and does not exists a such metric on Σ with null scalar curvature and
minimal boundary.

Example 4.3. Consider the n-dimensional manifold Mn = T n−2 ×Σ,
where (Σ, ∂Σ) is a connected surface which is not a disk or a cylinder.
We have the following chain of hypersurfaces
S1 × Σ ⊂ T 2 × Σ ⊂ · · · ⊂ T n−3 × Σ ⊂M.
Since the surface Σ is essential in S1 ×Σ, we obtain that S1 ×Σ 6∈ C˜3.
Hence M 6∈ C˜n, for every n ≥ 3. It follows from theorem 4.2 that there
is no metric on M with non-negative scalar curvature and mean convex
boundary, if 3 ≤ n ≤ 7.
For n ≥ 4, we define inductively Cn as the set of all smooth n-
dimensional manifolds (M,∂M) such that every non-trivial class α ∈
Hn−1(M,∂M) can be represented by a hypersurface (Σ, ∂Σ) such that
Σ ∈ Cn−1.
Proposition 4.4. Let (M,∂M, g) be a Riemannian n-dimensional man-
ifold, 3 ≤ n ≤ 7, such that Rg ≥ 0 and Hg ≥ 0. Then M ∈ Cn or
(M, g) is Ricci flat with totally geodesic boundary. In particular, if
Rg > 0 and Hg ≥ 0, then M ∈ Cn.
Proof. It follows from the proposition 3.13 that the result is valid for
n = 3. Lets do it by induction on n. Assume the result is valid for n−1.
Suppose that Ricg 6≡ 0 or Bg 6≡ 0 and M 6∈ Cn. It follows from the
proposition 2.4 that there exists a metric h on M such that Rh > 0 and
Hh ≡ 0. Since M 6∈ Cn, from the theorem 4.1 we have there exists a
free-boundary, minimal and stable hypersurface Σ properly embedded
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in (M,h) such that Σ 6∈ Cn−1. From the induction hypothesis we
have that Σ does not admit a metric with positive scalar curvature
and minimal boundary. This is a contradiction with the proposition
2.5. Therefore, M ∈ Cn or (M, g) is Ricci flat with totally geodesic
boundary. 
Example 4.5. Consider the n-dimensional manifold I ×T n−1 and the
chain of hypersurfaces
I × T 2 ⊂ I × T 3 ⊂ · · · ⊂ I × T n−1.
Since I×T 2 6∈ C3, we have that I×T n−1 6∈ Cn for all n ≥ 3. Hence, from
the proposition 4.4, there exists no metric on I × T n−1 with positive
scalar curvature and mean convex boundary, for 3 ≤ n ≤ 7.
Theorem 4.6. Let (M,∂M) be a (n+ 2)-dimensional manifold, , 3 ≤
n + 2 ≤ 7, such that there is a non-zero degree map F : M → Σ× T n
such that F (∂M) = ∂Σ × T n , where (Σ, ∂Σ) is a connected surface
which is not a disk. Then there exists no metric on M with positive
scalar curvature and mean convex boundary. However, if Σ is not a
disk or a cylinder, then there exists no metric on M with non-negative
scalar curvature and mean convex boundary.
Proof. Firstly, let we construct a chain of properly embedded hyper-
surfaces
(Σ2, ∂Σ2) ⊂ (Σ3, ∂Σ3) ⊂ · · · (Σn+1, ∂Σn+1) ⊂ (M,∂M)
such that, for every k = 2, · · · , n+ 1, we have
(1) 0 6= [Σk] ∈ Hk(Σk+1, ∂Σk+1);
(2) The map Fk := F |Σk : Σk → Σ× T k−2 has non-zero degree and
Fk(∂Σk) = ∂Σ× T k−2;
We are going to construct the desired chain with an induction ar-
gument. Let us denote (Σn+2, Fn+2) = (M,F ). Without loss of gen-
erality,we assume that F is a smooth function. Now we state how to
obtain (Σk, Fk) from (Σk+1, Fk+1), for k = n + 1, n, · · · , 2, where Σk+1
is a (k+1)-dimensional manifold with non-empty boundary and Fk+1 :
Σk+1 → Σ × T k−1 is a non-zero degree map such that Fk+1(∂Σk+1) =
∂Σ×T k−1 . For this, consider the projection pk−1 : Σ×T k−1 → S1 given
by pk−1(x, (t1, · · · , tk−1)) = tk−1, for every x ∈ Σ and (t1, · · · , tk−1) ∈
T k−1 = S1 × · · · × S1. Define fk+1 = pk−1 ◦ Fk+1. It follows from the
Sard’s Theorem that there is θk−1 ∈ S1 which is a regular value of fk+1
and ∂fk+1. Define
Σk := f
−1
k+1(θ) = F
−1
k+1(Σ× T k−2 × {θk−1}).
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We have that Σk is a hypersurface of Σk+1 such that
∂Σk = Σk ∩ ∂Σk+1 = F−1k+1(∂Σ× T k−2 × {θk−1}) ∩ ∂Σk+1 6= ∅.
Note that Σk represent a non-trivial class in Hk(Σk+1, ∂Σk+1) and
Fk := Fk+1|Σk : Σk → Σ × T k−2 is a non-zero degree map with
Fk(∂Σk) = ∂Σ× T k−2 .
Claim 5. Σ3 6∈ C3.
In fact, since 0 6= α = [Σ2] ∈ H2(Σ3, ∂Σ3), we have that there is
a properly embedded surface S ⊂ Σ3 which represents the homology
class α such that its connected components are either essential surfaces,
disks, or spheres (See [13]). Since 0 6= [S] = [Σ2] ∈ H2(Σ3, ∂Σ3) we
have that F3(S) = Σ and the map F3|S : S → Σ has non-zero degree,
because
deg(F3|S) = deg(F3|Σ2) = deg(F2) 6= 0.
It follows that there is a connected component (S ′, ∂S ′) of S such that
F3|S′ : S ′ → Σ has non-zero degree. This implies that χ(S ′) ≤ χ(Σ).
Since Σ is not a disk, we have that χ(S ′) ≤ 0. This implies that S ′ is
not a disk or a sphere. It follows that S ′ is an essential surface in Σ3
which is not a disk. Hence, Σ3 6∈ C3.
Claim 6. M 6∈ Cn+2.
Consider a hypersurface (S3, ∂S3) ⊂ (Σ4, ∂Σ4) such that [S3] =
[Σ3] ∈ H3(Σ4, ∂Σ4). Note that F4(S3) = Σ × S1, F4(∂S3) = ∂Σ × S1
and
deg(F4|S3) = deg(F4|Σ3) = deg(F3) 6= 0.
As in the proof of the claim 5, we can conclude that S3 6∈ C3. This
implies that Σ4 6∈ C4. Inductively, we can show that Σn+1 6∈ Cn+1.
Hence, M 6∈ Cn+2.
It follows from proposition 2.5 that there exists no metric on M with
positive scalar curvature and mean convex boundary. However, note
that if Σ is not a disk or a cylinder, we can replace C by C˜ in the claims
5 and 6 and conclude that M 6∈ C˜n+2. Consequently, from theorem
4.2, we have that there exists no metric on M with non-negative scalar
curvature and mean convex boundary. 
Remark 4.7. The following statements are two important consequences
of the theorem above:
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(1) The manifold (I × T n−1)#N admits no metric with positive
scalar curvature and mean convex boundary.
(2) The manifold (Σ×T n−2)#N admits no metric with non-negative
scalar curvature and mean convex boundary
where N is a closed manifold of dimension 3 ≤ n ≤ 7 and (Σ, ∂Σ) is a
connected surface which is not a disk or a cylinder.
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